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Abstract 
 
This paper deals with the effect of an adjacent viscous fluid on the torsional vibration of a circular rod. The rod is in contact with the 

viscous fluid at one end face, and the other end face is torsionally excited by a transducer. The interaction between the torsional vibration 
of the rod and the fluid has been studied theoretically. Expressions for the natural frequencies and damping rate of the torsional vibration 
have been obtained through exact and approximate solutions. 
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1. Introduction 

The interaction between the torsional vibration of a circular 
rod and an adjacent viscous fluid has been applied to the 
measurement of the fluid viscosity [1]. In the torsional vibra-
tion of a circular rod submerged in a viscous fluid, the motion 
of the solid exerts shear stress to the surrounding viscous fluid. 
Meanwhile, the fluid resists the motion of the solid, and in so 
doing the vibrational characteristics of the solid rod are af-
fected. The rod plays the role of a viscosity sensor. 

In the previous research [1], the circumferential face of a 
circular rod was considered to be in contact with a viscous 
fluid. The cross-sectional area of the rod was much smaller 
than the circumferential area, and the effect of the viscous 
fluid on the motion of the end face was negligibly small. If the 
cross-sectional area of the rod is not much smaller than the 
circumferential area, the effect of a viscous fluid at the end 
face on the torsional vibration of a rod should not be neglected. 

Depending on the measurement environment, the size of the 
sensor is restricted. In an oil chamber of a car engine, for ex-
ample, a sensor should be compact. In fact, many researchers 
are attempting to monitor the condition of engine oil by meas-
uring the variation of the oil viscosity [2-4]. Torsional vibra-
tion viscometer would be one promising apparatus, if the rod 
is short enough.  

This paper deals with an interaction problem between an 
elastic rod and a viscous fluid. The elastic rod is considered to 
be short but thick such that the length is same to or less than 

the thickness; meanwhile, the previous study [1] considered a 
long but thin rod which is in contact with a viscous fluid at the 
circumference face. A circular rod, as shown in Fig. 1, is in 
contact with a viscous fluid at one end face. The other end 
face is torsionally excited by a transducer. The torsional trans-
ducer was reported earlier [5]. To evaluate the natural fre-
quencies and damping rate, the end face is assumed to be 
fixed on a rigid transducer. The effect of an adjacent viscous 
fluid on the torsional vibration of a circular rod is theoretically 
obtained through exact and approximate solutions. 
 

2. Formulation of the fluid-structure interaction 

A circular rod, as shown in Fig. 1, is in contact with a vis-
cous fluid at one end face ( 0z = ) and is fixed at the other end 
( z L= − ). The rod has shear modulus G  and mass density 

sρ , and the fluid has viscosity µ  and mass density fρ . 
The length of the rod is L  and the radius of the cross-section 
is or . Torsional vibration is formulated in this section. 

The equation of motion for the rod, which obeys Hooke’s 
law, is expressed in terms of the circumferential displacement 

( , , )r z tuθ  as follows [6]: 
 

2 2 2

2 2 22

1        s
u u u u uG

r rt r zr
θ θ θ θ θρ

⎛ ⎞∂∂ ∂ ∂= + − +⎜ ⎟∂∂ ∂ ∂⎝ ⎠
 (1) 

0L z− ≤ ≤ , 00 r r≤ ≤  

 
The vibration induced by the torsional motion of the rod is 

assumed to have linear characteristic. The equation of motion 
for the Newtonian fluid is expressed in terms of the circumfer-
ential velocity ( , , )r z tvθ  as follows [7]: 
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(a) 

 

 
(b) 

 
Fig. 1.Schematic diagram of a circular rod in contact with a viscous 
fluid at one end face. 

 
2 2

2 22

1        f
v v v v v
t r rr zr
θ θ θ θ θµρ

⎛ ⎞∂ ∂∂ ∂= + − +⎜ ⎟∂ ∂∂ ∂⎝ ⎠
  (2) 

0 z≤ < ∞  
 
Since one end ( z L= − ) of the rod is fixed and the circum-

ferential face is assumed traction-free, the boundary condi-
tions for the rod are as follows: 

 
  0uθ =  at 00 r r≤ ≤  and z L= −   (3) 
  0uθ =  at 0r =  and 0L z− ≤ ≤   (4) 

    0u u
r r

θ θ∂
− =

∂
 at 0r r=  and 0L z− ≤ ≤   (5) 

 
The boundary conditions for the fluid are as follows: 
 

  0v
r

θ∂
=

∂
 at 0r r< < ∞  and 0z =   (6) 

  0vθ →  at 0 r≤ < ∞  and z → ∞   (7a) 
  0vθ →  at r → ∞   (7b) 

 
The continuities of the shear stress and vibration velocity at 

the interface of the solid rod and viscous fluid provide the 
following interface conditions: 

 

 u v
t
θ

θ
∂

=
∂

 at 00 r r≤ ≤  and 0z =   (8) 

  u vG
z z

θ θµ∂ ∂
=

∂ ∂
 at 00 r r≤ ≤  and 0z =   (9) 

 
All quantities in Eqs. (1)-(9) are nondimensionalized by us-

ing the length scale 0r , velocity scale 1/ 2
0 ( / ) [ ]sGc ρ= , and 

time scale 0 0/ cr . The equations are expressed in terms of the 
nondimensional displacement u  of the solid rod, nondimen-
sional velocity v  of the fluid, and the nondimensional vari-
ables 0( / )r rξ = , 0( / )z rς = , and 00 (  / )t c rτ =  as follows: 

 
2 2 2

2 2 22

1        u u u u u
ξ ξξ ξ ςτ

∂∂ ∂ ∂= + − +
∂∂ ∂∂

  (10) 

0l ς− ≤ ≤ , 0 1ξ≤ ≤  
2 2

2 2 2

1 1        v v v v v
Rτ ξ ξξ ξ ς

⎛ ⎞∂ ∂∂ ∂= + − +⎜ ⎟
∂ ∂∂ ∂⎝ ⎠

  (11) 

0 ς≤ < ∞  
 0u =  at 0 1ξ≤ ≤  and lς = −   (12) 
 0u =  at 0ξ =  and 0l ς− ≤ ≤   (13) 

   0u u
ξ ξ

∂
− =

∂
 at 1ξ =  and 0l ς− ≤ ≤   (14) 

 0v
ς

∂
=

∂
 at 1 ξ< < ∞  and 0ς =   (15) 

 0v →  at 0 ξ≤ < ∞  and ς → ∞   (16a) 
 0v →  at ξ → ∞   (16b) 

 u v
τ

∂
=

∂
 at 0 1ξ≤ ≤  and 0ς =   (17) 

  u v
R
ρ

ς ς
∂ ∂

=
∂ ∂

 at 0 1ξ≤ ≤  and 0ς =   (18) 

 
Here /f sρ ρ ρ= , 0 0  /fR cr µρ= , and 0  /l L r= . R  

is inversely proportional to the viscosity, similar to the defini-
tion of Reynolds number. 
 

3. Exact solutions 

3.1 General modes 

The solution of Eq. (10) has the following form: 
 

( , , )  ( ) ( ) exp[ ( ) ]u X U i ihξ ς τ ξ ς ω τ= +   (19) 
 

The solution of Eq. (11) is divided into the interior solution 
iv  for the interior region ( 0 1ξ≤ ≤ ) and the outer solution 
ov  for the outer region (1 ξ≤ ≤ ∞ ), and they have the follow-

ing forms: 
 

( , , )  ( ) ( ) exp[ ( ) ]i X V i ihv ξ ς τ ξ ς ω τ= +   (20a) 
( , , )  ( ) ( ) exp[ ( ) ]o Y V i ihv ξ ς τ ξ ς ω τ= +   (20b) 
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where 0 0 (   / )crω ω=  and 0 0(   / )h h cr=  are the nondi-
mensional forms of the natural frequency ω  and damping 
rate per unit time h . 

Substituting Eq. (19) into Eq. (10) yields the following: 
 

2
1"     0U Uk+ =   (21a) 

22 2 "   '   (    1)   0X X Xpξξ ξ+ − + =   (21b) 
 
where ( )22 2

1    ihp k ω= − + . The solutions of Eqs. (21a) and 
(21b) have the following forms: 
 

1 1 2 1( )   sin    cosU c k c kς ς ς= +   (22a) 
1 11 2( )   ( )   ( )X p pd dI Kξ ξ ξ= +   (22b) 

 
Substituting Eq. (19) into the boundary conditions (12)~ 

(14) yields the following: 
 

( )  0U l− =   (23a) 
(0)  0X =   (23b) 
'(1)  (1)  0X X− =   (23c) 

 
Substituting Eqs. (22a)- (22b) into Eqs. (23a)- (23c) results 

in the following equations: 
 

1 1 2 1 sin    cos   0l lc k c k− + =   (24a) 
2  0d =   (24b) 

1 1 2'( )  ( )   ( )  0p p p pI I I− = =   (24c) 
 

Eq. (22a), after Eq. (24a) has been applied to, becomes as 
follows: 
 

1 1( )   sin ( )U lc kς ς= +   (25a) 
 

Eq. (22b) with Eq. (24b) and Eq. (25a) are substituted in Eq. 
(19), then Eq. (19) becomes: 
 

11( , , )   sin ( ) ( ) exp[ ( ) ]u A l p i ihk Iξ ς τ ς ξ ω τ= + +  (25b) 
 

Substituting Eq. (20a) into Eq. (11) yields the following: 
 

2
2"     0V Vk− =   (26) 

 
where ( )2 2

2    -     i ih Rpk ω= + + . The boundary condition 
(16a) reduces to  
 

( ) 0V ∞ =   (27) 
 

The solution of Eq. (26) satisfying the boundary condition 
(27) has the following form: 
 

3 2( )   exp(  )V c kς ς= −   (28) 
 

Among the modes corresponding to the roots p  of Eq. 
(24c), the fundamental mode is the main interest. 

 
3.2 Fundamental mode 

The lowest value of the roots p  is 0, and the fundamental 
mode along the radial coordinate has the following relation-
ship: 

( )22
1 -   0ihk ω + =   (29) 

 
In this case, Eq. (21b) for the solid region becomes 

 
2 "   '     0X X Xξξ + − =   (30) 

 
With the boundary condition (23b), the solution of Eq. (30) 

is as follows: 
 

( )   X aξ ξ=  (31) 
 

Substituting Eq. (31) and (25a) into Eq. (19) yields the fol-
lowing: 
 

1 1( , , )    sin ( ) exp(   )u A l ik kξ ς τ ξ ς τ= +   (32) 
 

Meanwhile, substituting Eq. (20b) into Eq. (11) yields the 
following equation for the fundamental mode: 
 

2 "   '     0Y Y Yξξ + − =   (33) 
 

Since the boundary condition (16b) reduces to ( ) 0Y ∞ = , 
the solution of Eq. (33) becomes  
 

1( )   Y bξ
ξ

=   (34) 

 
Substituting Eqs. (31) and (28) into Eq. (20a) yields the fol-

lowing: 
 

1 1( , , )    exp(    ) exp(  ) i B i R iv k kξ ς τ ξ ς τ= −   (35) 
 

Similarly, substituting Eqs. (34) and (28) into Eq. (20b) 
yields the following: 
 

1 1
1( , , )    exp(    ) exp(  ) o C i R iv k kξ ς τ ς τ
ξ

= −   (36) 

 
Continuity at 1ξ =  is expressed by (1) (1)i ov v= , and 

hence the following relation is obtained: 
 

 B C=   (37) 
 

The solutions u  and v  expressed by Eqs. (32) and (35), 
respectively, satisfy the interface condition (17)-(18). 

 
1 1 sin    i A l Bk k =   (38) 

1 1 1 cos    (   ) A l i R Bk k k
R
ρ

= −   (39) 

 
In order for Eqs. (37)- (39) to have nontrivial solutions for 
,  ,  A B C , the following characteristic equation is obtained: 

 

1 1 1 1 1      sin    cos   0i R i l lk k k k k
R
ρ

⋅ + =   (40) 

 
Eq. (40) can be rewritten as 
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1
1

  1tan     
 

i R llk
lkρ

= ⋅   (41) 

 
Eq. (41) is a complex equation that provides implicit rela-

tionships between ( ,  hω ) and ( ,  R ρ ), i.e.,   ( ,  )Rω ω ρ=  
and   ( ,  )h h R ρ= . The solution of Eq. (41) can be easily 
obtained by using a root-finding function available, for exam-
ple, in Mathematica [8].  

For the fundamental mode both in the radial coordinate and 
in the axial coordinate, the natural frequency ω  and the 
damping rate h  were calculated for the case of 2l = . In Fig. 
2, the calculated results are displayed by symbols as functions 
of the fluid viscosity ( R ) for three density ratios ρ  = 0.1, 
0.5, 1.0. The solid lines in Fig. 2 correspond to asymptotic 
solutions which will be described in the next section. In Fig. 2 
(a), 0 /(2 )lπω = , which is the natural frequency without the 
effect of the viscous fluid, i.e., R → ∞ .  
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Fig. 2. Exact solutions (symbols) and approximate solutions (lines) 
depicted as a function of R  for 1.0ω =  and various ρ . (a) non-
dimensional frequency, (b) nondimensional damping rate. 
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(b) 10R =  
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Fig. 3. Deformation field associated with the fundamental made de-
picted as a function of the nondimensional radial distance ς  for vari-
ous values of R  when / 4ω π=  and 0.1ρ = . 
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Fig. 4. Deformation field associated with the fundamental made de-
picted as a function of the nondimensional radial distance ς  for vari-
ous values of R  when / 4ω π=  and 0.5ρ = . 

For the fundamental torsional mode, instantaneous velocity 
field was calculated and displayed as a function of the axial 
distance ς  from the fluid-solid interface. The velocity distri-
bution in the fluid was obtained from Eq. (35) after substitut-
ing the expression B  in Eq. (38). The velocity distribution in 
the solid was obtained from Eq. (32) after differentiating it 
with respect to time τ . Fig. 3 is the velocity profile for 

0.1ρ = , and Fig. 4 is the velocity profile for 0.5ρ = . Figs. 3 
and 4 display the velocity profile for (a) 1R = , (b) 10R = , 
and (c) 100R = . The plots were normalized by the velocity 
value at the solid-fluid interface at 0ς = . The velocity field is 
shown for a relatively high-viscosity fluid, and thus the 
boundary layer in the fluid is relatively thick. 
 

4. Approximate solutions 

The exact solutions derived in Section 3 suffer from the dis-
advantage that ω  and h  are not expressed explicitly in 
terms of the parameters R  and ρ . This disadvantage is 
resolved by employing the approximate approach instead of 
the exact solutions. In many applications R  is fairly large. 
Thus it may be useful to obtain an asymptotic solution for 
large R . A new parameter ε  is defined as 1/ 2  Rε −= , and 

1ε <<  since 1R >> . Therefore, ε  is considered as a per-
turbation and the approximate solution can be obtained by 
using the perturbation technique [9]. 

 
4.1 Perturbation series 

The perturbation parameter ε  is introduced to employ the 
stretched coordinate  /η ς ε=  for the fluid. Upon rescaling, 
the governing equations (21a) and (26) are transformed as 
follows: 
 

( )
2

22
2  [   ]    0d U p ih U

d
ω

ς
+ + + =  (42) 

( )
2

2 2
2  [    ]    0d V p i ih V

d
ε ω

η
− − + + =   (43) 

 
Similarly, the boundary conditions (23a), (27), (17), and 

(18) are transformed as follows: 
 

( )   0U l− =   (44) 
( )   0V ∞ =  (45) 

( )(0)   (0)V i ih Uω= +   (46) 

2

0

1(0)       (0)dVU V
d η

ρ ε ρ ε
ε η

=

′ ′= ⋅ =   (47) 

 
The case of ( 0)R ε→ ∞ →  corresponds to the classical 

torsional problem in a circular rod without an adjacent fluid or 
with an inviscid fluid. 

For 1R > , i.e. 1ε < , the approximate solutions of the 
fundamental mode accept the following form: 
 

2
0 1 2( )   ( )  ( )  ( )  U u u uς ς ε ς ε ς= + + +   (48) 
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2
0 1 2( )   ( )  ( )  ( )  V v v vη η ε η ε η= + + +   (49) 

2
0 1 2         ω ω ε ω ε ω= + + +   (50) 

2
1 2        h h hε ε= + +   (51) 

 
The series of Eqs. (48)-(51) are substituted into Eqs. (42)-

(47) and the coefficients of like powers in ε  are equated. As 
a result, a sequence of boundary-value problems is obtained. 

A solution developed in what follows, in the limit of 
R → ∞ , reduces to the fundamental mode ( 0p = ) of the clas-
sical case. Eqs. (42) and (43) are reduced to simpler forms as 
follows:  
 

( )
2

2

2      0d U ih U
d

ω
ς

+ + =   (52) 

( )
2

2      0d V i ih V
d

ω
η

− + =   (53) 

 
A similar procedure may be used for higher modes. 
 
O (ε 0) in solid   
For the leading order O (ε 0), the governing equation and 

boundary conditions in solid are as follows: 
 

2
0 0 0      0u uω′′ + =   (54) 

0 ( )   0u l− =   (55) 

0 (0)   0u ′ =   (56) 
 

Eqs. (54)-(56) are typical equations for torsional vibrations 
without the effect of an adjacent viscous fluid. The solution 
satisfying Eqs. (54)-(56) is as follows: 
 

0 0 0( )    cos( )u Uς ω ς=   (57) 
 

O (ε 0) in fluid 
For the leading order O (ε 0), the governing equation and 

boundary conditions in fluid are as follows: 
 

0 0 0     0v i vω′′ + =   (58) 

0 ( )   0v ∞ =   (59) 

0 0 0(0)   (0)v i uω=   (60) 
 

The solution satisfying Eqs. (58)- (60) is as follows: 
 

0
0 0 0 0 0 0

(1 )
( )    exp( )   exp( )

2
i

v i U i i U
ω

η ω ω η ω η
+

= − = −   

 (61) 
 
O (ε 1) in solid 
For the first order O (ε 1), the governing equation and 

boundary conditions in solid are as follows: 
 

2
1 0 1 0 1 1 0      2 ( )u u ih uω ω ω′′ + = − +   (62) 

1( )   0u l− =   (63) 

1 0(0)   (0)u vρ′ ′=   (64) 
 

Upon substituting 0u  and 0v  obtained earlier, the exis-
tence of the solution satisfying Eqs. (62)- (64) yields the fol-
lowing relations: 
 

0
1 0 0  2   

2 l
ρ ωρω ω ω

π
= − = −   (65) 

0
1 0 0  2   

2
h

l
ρ ωρ ω ω

π
= =   (66) 

 
The solution is as follows: 

 

1 1 1 0 0

0
0 0

0 0 0

( )   ( ) ( ) sin( )  

          ( 1) ( ) sin( ) 
2

(1 )          1 sin( ) 
2

u ih U l

i U l
l

i U
l

ς ω ς ω ς

ρ ω
ς ω ς

ςρ ω ω ς

= − + +

= − − +

− ⎛ ⎞= +⎜ ⎟
⎝ ⎠

  (67) 

 
O (ε 1) in fluid 
For the first order O (ε 1), the governing equation and 

boundary conditions in fluid are as follows: 
 

1 1 0 0 1 1 0    0v i v i v h vω ω′′ − − + =   (68) 

1( )   0v ∞ =   (69) 

1 0 1 1 1 0(0)   (0) ( ) (0)v i u i ih uω ω= + +   (70) 
 

The solution satisfying Eqs. (68)-(70) is as follows: 
 

0
1 0 0

0 0 0

0 0
0 0

(1 )
( )    exp( )

2

exp( )
2

(1 )
exp( )

22

i
v U i

l

i U i
l

i i U i
l

ω
η ρ ω η

ρ ω η ω η

ω ω ρη ω η

+
= − −

+ −

⎡ ⎤+
= − + −⎢ ⎥

⎢ ⎥⎣ ⎦

 (71) 

 
O (ε 2) in solid 
For the second order O (ε 2), the governing equation and 

boundary conditions in solid are as follows: 
 

2
2 0 2 0 1 1 1

2
0 2 2 1 1 0

      2 ( )

2 ( ) ( )

u u ih u

ih ih u

ω ω ω

ω ω ω

′′ + = − +

⎡ ⎤− + + +⎣ ⎦
  (72) 

2 ( )   0u l− =   (73) 

2 1(0)   (0)u vρ′ ′=   (74) 
 

Upon substituting 0u , 1u , 0v , and 1v  obtained earlier, 
the existence of the solution satisfying Eqs. (72)-(74) yields 
the following relations: 
 

2  0ω =   (75) 
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2 2
0

2 2

1    
2 2

h
l

ρω ρ
π

⎛ ⎞= − = −⎜ ⎟
⎝ ⎠

  (76) 

 
The solution is as follows: 

 
2 2

2 0 0 0 0
0

2

0 0 0
0

2 2
20

0 0 0 0
0

2

0 0

2

0

1( )   cos( ) sin( )
4

12 1 sin(2 )
2 4

1 cos(2 ) cos( )
2 4

1 cos(2 )
2

1

u iU iU
l l

iU
l l

iU iU
l l

iU
l l

iU
l

ρ ρς ω ς ω ς
ω

ρ ς ςω ω ς
ω

ω ρ ρς ω ς ω ς
ω

ρ ς ω ς

ρ ς

⎛ ⎞= +⎜ ⎟
⎝ ⎠

⎡ ⎧ ⎫⎛ ⎞ ⎪ ⎪+ + −⎢ ⎨ ⎬⎜ ⎟
⎝ ⎠ ⎪ ⎪⎢ ⎩ ⎭⎣

⎤⎛ ⎞ ⎛ ⎞− + ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎥⎦

⎡ ⎛ ⎞+ +⎢ ⎜ ⎟
⎝ ⎠⎣

⎛ ⎞+ +⎜ ⎟
⎝ ⎠

0 0
0

sin(2 ) sin( )
4

ω ς ω ς
ω

⎤⎧ ⎫⎪ ⎪
⎥⎨ ⎬

⎪ ⎪⎥⎩ ⎭⎦

  

 (77) 
 

4.2 Natural vibration characteristics 

The sequence of boundary-value problems solved recur-
sively provides the explicit expressions for u , v , ω , and 
h . Substituting Eqs. (57), (67), and (77) into Eq. (48) yields 
the displacement distribution of deformation in the solid rod. 
Similarly, substituting Eqs. (61) and (71) into Eq. (49) yields 
the velocity distribution of deformation in the viscous fluid. 

Meanwhile, substituting Eqs. (65) and (75) into Eq. (50) 
yields the following form: 
 

3
0 0 0  2 ( )Oρω ω ε ω ω ε

π
= − +   (78) 

 
Similarly, substituting Eqs. (66) and (76) into Eq. (51) 

yields the following form: 
 

2
2 30

0 0

1  2 ( )
2

h Oρ ρ ωε ω ω ε ε
π π

⎛ ⎞= − +⎜ ⎟
⎝ ⎠

  (79) 

 
Eqs. (78) and (79) express approximately the natural fre-

quency and damping rate of the torsionally-vibrating rod af-
fected by the viscous fluid adjacent to the end face. Numerical 
results calculated with these equations for various cases of the 
fundamental mode are displayed in Fig. 2 with solid lines, and 
they are compared with the exact solutions. It is clear from Fig. 
2 that for a wide range of R  values, the approximate solu-
tion is in excellent agreement with the exact one. In the range 
of very small R , the approximate solution does not provide 
reasonable results, and the limitation of the approximate solu-
tion is identified. 

As shown in Fig. 2, the natural frequency decreases and the 
damping rate increases as R  decreases in the range of R  
values considered. This results from the fact that the thickness 
of the fluid boundary layer increases as R decreases. 
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Fig. 5. Dimensional natural frequency and damping rate depicted as a 
function of 1/ 2( )fρ µ  for 3 32.7 10 kg/msρ = × , 24 GPaG = , and 

0 2 (20 kHz)ω π= × . 
 
To relate physically the natural frequency change and 

damping rate with the viscosity of the adjacent fluid, the terms 
up to the order of 1ε  are selected and physical dimensions 
are recovered as follows: 
 

0 0

0

1 2  f
sG

ω ω ω ρ µ
ω π ρ
−

=   (80) 

0 02  f
s

h
G

ω ω ρ µ
π ρ

=   (81) 

 
Given with the material properties, such as the mass density 

and shear modulus, and the fundamental frequency in the ab-
sence of the viscosity effect, the natural frequency change and 
damping rate can be calculated and can show a relationship 
linearly-proportional to 1/ 2( )fρ µ . For example, when sρ =  



512 J. O. Kim and H. Y. Chun / Journal of Mechanical Science and Technology 24 (2) (2010) 505~512 
 

 

3 32.7 10 kg/m× , 24 GPaG = , and 0 2 (20 kHz)ω π= × , 
the natural frequency change and damping rate are displayed 
as a function of 1/ 2( )fρ µ  in Fig. 5. The range of 1/ 2( )fρ µ  
value in Fig. 5 is established to include a conventional viscous 
fluid such as glycerin at room temperature ( 1,264fρ =  

3kg/m , 1.492 kg/m sµ = ⋅ ). 
The theoretical results in this paper are not compared with 

experimental ones. However, the previous research [10], 
which considered the effect of a viscous fluid at the circum-
ferential face of a circular rod, compared the theoretical and 
experimental results and showed good agreement. 
 

5. Conclusion 

The effect of the viscosity of a fluid adjacent to the end face 
on the torsional vibration of a rod has been identified theoreti-
cally. The interaction problem has been formulated mathe-
matically and then solved exactly and approximately for the 
vibration displacement of the rod and the vibration velocity of 
the fluid. 

The approximate solution has been extended to express the 
natural frequency change and damping rate, which turn out to 
be proportional to the square root of the viscosity multiplied 
by mass density of the fluid. A comparison of the exact solu-
tion with the approximate one reveals that the latter is more 
useful for a wide range of application. 

The result demonstrates that a rod vibrating torsionally at 
high frequency can be used as a sensor for measuring the vis-
cosity of a fluid. 
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Nomenclature------------------------------------------------------------------------ 

0c   :  Sound velocity in the rod 
G   :  Shear modulus of the rod 
h   :  Nondimensional damping rate 
h   :  Damping rate 
l   :  Ratio of length and radius of the rod 
R   :  Variable of inversely proportional to the fluid  
  viscosity 
u   :  Nondimensional circumferential displacement of the  
  rod 
uθ   :  Circumferential displacement of the rod 
v   :  Nondimensional circumferential velocity of the fluid 
vθ   :  Circumferential velocity of the fluid 
ε   :  Inverse of square root of R  
η   :  Stretched coordinate of the fluid region 
µ   :  The fluid viscosity 
ρ   :  Mass density ratio of the fluid and the rod 

ς   :  Nondimensional axial direction in cylindrical  
  coordinates 
τ   :  Nondimensional time 
ω   :  Nondimensional natural frequency 
ω   :  Natural frequency 
ξ   :  Nondimensional radial direction in cylindrical  
  Coordinates 
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